Spin waves in the type-III ordered antiferromagnetic state of the frustrated t-t ′ Hubbard model on the fcc lattice are calculated to investigate finite-U -induced competing interaction and frustration effects on magnetic excitations and instabilities.
I. INTRODUCTION
Frustrated magnetism continues to be of considerable current interest due to the rich possibility of new states and properties of matter.
1 While Kagome and triangular lattices have been widely studied, frustration in the face-centred-cubic (fcc) lattice has received much less attention, particularly within itinerant electron models. Antiferromagnetic (AF) Heisenberg model with J = 4t 2 /U, extended-range effective spin couplings generated at finite U result in strong zone-boundary spin wave softening and even magnetic instability with decreasing U, highlighting the finite-U-induced competing interaction and frustration effect in an itinerant electron system. 8 The cyclic ring-exchange four-spin term (S i × S j ).(S k × S l ), generated in the square-lattice Hubbard model at next-to-leading order in the t/U expansion arising from coherent motion of electrons beyond NN sites, illustrates that higherspin couplings are also generated besides extended-range two-spin interactions.
9
The itinerant electron approach also directly connects magnetic frustration and spin density wave (SDW) band gap. The same hopping terms between parallel spins which are responsible for competing interactions, also result in band broadening which strongly reduces the SDW gap and renders the system more susceptible to metal-insulator transition with decreasing U/t. SDW band gap reduction, band overlap, and first-order metal-insulator transition with decreasing U/t have been studied in the frustrated square-and triangularlattice antiferromagnets due to electron self-energy correction calculated in the self consistent Born approximation (SCBA). These fcc lattice antiferromagnets exhibit several unusual magnetic properties. For MnS 2 , the magnetic phase transition at T N =48 K is of first order. 14-16 By using very high resolution synchrotron x-ray diffraction techniques, a pseudo-tetragonal distortion was detected below the magnetic ordering temperature (c/a ratio 1.0006), indicating coupling between magnetic and lattice degrees of freedom. 17 Giant pressure-induced volume collapse accompanied by high spin (S = 5/2) to low spin (S = 1/2) transition involving interplay between crystal field splitting and Hund's rule coupling has been observed in this pyrite mineral.
18
The measured Néel temperature of MnTe 2 has been found to show unusually large pressure dependence of 12K/GPa, giving rise to large violation of Bloch's rule. 19 Based on IR reflection measurements at room temperature, MnTe 2 appears to undergo pressure-induced semiconductor-metal transition in the pressure range of 8-25 GPa.
20
Quantum Monte Carlo simulations in a NN classical Heisenberg AF on the fcc lattice have confirmed a first order transition to a collinear type-I AF structure due to an "order by disorder" effect. 21 A first-order transition driven by thermal fluctuations has been suggested by the absence of stable fixed points within the renormalization group approach. 22, 23 As an illustration of low-temperature thermal fluctuations selecting collinear states through the "order by disorder" effect, 24 short wavelength thermal fluctuations lead to an effective biquadratic exchange −(S i .S j ) 2 between neighboring spins, 25 which favours collinear spin arrangement.
Strong geometric frustration is inherent in these fcc-lattice antiferromagnets. Unlike the weakly frustrated square-lattice AF, it is the strong NN AF bonds in neighboring layers which are frustrated in the fcc lattice. Also, within the localized-spin picture, type-III (type-I) order on the fcc lattice is stabilized for AF (F) sign of the second-neighbor interaction,
24
as expected from Fig. 1 . Competing interactions between neighboring layers of same and different fcc sublattices also allows for the spiral spin structure. In this paper, we will show through a spin wave stability analysis that strong finite-U-induced competing interaction and frustration effects in the fcc lattice result in significant additional spin wave softening (besides the usual geometric frustration effect), which considerably enriches the competition between different AF orders in the t-t ′ Hubbard model.
III. t-t ′ HUBBARD MODEL
We consider the t-t ′ Hubbard model on the fcc lattice:
where t and t ′ are the nearest-and next-nearest-neighbour hopping terms, respectively, and U is the on-site Coulomb interaction. In order to identify the role of fcc lattice in magnetic frustration, we will employ the interlayer NN hopping terms (shown as t z in Fig. 1 ) as control. For t z =0, the two fcc sublattices are completely decoupled, while they are coupled for t z =t (cubic case). In the following, we will set t=1 as the energy scale.
Type-III order on the fcc lattice is shown in Fig. 1 . Alternating layers along z direction, shown as planes in solid and dashed lines with spins in red and blue, constitute two identical fcc sublattices. The type-III order is characterized by (π, π) magnetic order in each layer, with layers within same fcc sublattice stacked antiferromagnetically in the z direction. The NNN hopping term t ′ provides the weak AF interlayer coupling required for stabilizing type-III order. Within the equivalent localized spin model (large U limit), the NNN spin coupling J ′ connects spins only within same fcc sublattice (the weak AF interlayer coupling), whereas the NN spin coupling J connects spins in different fcc sublattices as well. These latter interactions are fully frustrated, and the relative magnetic orientation between the two fcc sublattices can therefore be arbitrary in the classical ground state.
Corresponding to the type-III order, we consider the interaction term (Eq. 1) in the Hartree-Fock (HF) approximation with local magnetization taken along the z direction and staggered field ∓σ∆ on the two magnetic sublattices A and B. In a composite four-layer ⊗ two-sublattice basis corresponding to the magnetic order, we obtain the 8 × 8 Hamiltonian matrix:
where the band terms corresponding to NN and NNN hoppings in the planar (xy) and perpendicular (z) directions are given by:
Here ∆ = mU/2 is the staggered field in terms of the sublattice magnetization:
which is determined self-consistently from the electronic densities calculated from H σ HF (k) for the two spins σ=↑, ↓ on the two magnetic sublattices A and B. In practice, it is easier to choose ∆ and determine U from the calculated sublattice magnetization m(∆). In the large U limit, 2∆ ≈ U as m → 1. We will consider only the half-filled case (n = 1) with Fermi energy in the AF band gap. Note that our coordinate axes (x − y) are rotated by π/4 with respect to the cubic planar axes, with lattice parameter a/ √ 2 for the corresponding square lattice. Therefore k x , k y and k z are in units of √ 2/a and 1/a, respectively, in terms of the cubic lattice parameter a.
IV. AF STATE ELECTRONIC DENSITY OF STATES
The AF state electronic density of states (DOS) shows strongly asymmetric behaviour with respect to sign of t ′ (Fig. 2) . For positive t ′ , the SDW band gap is more robust, and the AF insulator state survives even for relatively lower U values. DOS structure is similar to that for the planar t-t ′ model, except that the fcc hopping term t z further splits the two SDW bands. The DOS drops off sharply at both band edges. Electronic self energy correction, as incorporated at the SCBA level, will further reduce the band gap, resulting in band overlap with decreasing U/t.
On the other hand, for negative t ′ , the SDW band gap is significantly reduced due to band broadening, and the AF insulator state requires higher U values. DOS structure is different from the planar case, indicating more three dimensional band structure effect due to the t z hopping term. The DOS does not fall abruptly as in the previous case but has broad tail for the lower band, indicating possibility of metallic AF state surviving even after weak band overlap, and similarly for small hole doping.
V. SPIN WAVE EXCITATIONS
We consider the spin wave propagator:
obtained from expectation value of the time-ordered product of transverse spin operators S − i and S + j at lattice sites i and j in the AF ground state |Ψ 0 . In the random phase approximation (RPA), the spin wave propagator can be written in the composite basis as:
where [χ 0 ] is the bare particle-hole propagator matrix obtained by integrating out fermions in the broken-symmetry state. In terms of the energy eigenfunctions φ k and eigenvalues E k of the Hamiltonian matrix
Here s, s ′ refer to indices in the composite four-layer, two-sublattice basis, m,n indicate the eigenvalue branches, and + (-) refer to particle (hole) energies above (below) the Fermi en- We will consider the planar (q z = 0, q x and q y finite) and perpendicular (q x =q y =0, q z finite) spin wave modes in this investigation, which will provide excitation energies corresponding to spin twisting within layers as well as how neighboring layers are magnetically coupled. We have mainly considered the case of positive t ′ as it appears relevant for MnS 2 .
It is instructive to start with the limiting case t z =0 where the two fcc sublattices get decoupled into simple layered antiferromagnetic subsystems with AF order in both planar and perpendicular directions. In this limit, the four spin wave branches (indicated by l=1- become degenerate and match with the dispersion for the planar antiferromagnet. The calculated dispersion is of the form:
for a layered three-dimensional AF in the large U limit, where γ q = (cos q x + cos q y + r cos q z )/(2 + r) 
(a) and (b).
When t z is turned on, the layered AF subsystems on the two fcc sublattices get coupled and a pair of low-energy weakly dispersive branches emerge. The dispersion of the highenergy branches in Fig. 3(e) is similar as for uncoupled fcc sublattices (t z =0). This reflects the inherent fcc lattice frustration, as discussed earlier. The low-energy branches, on the other hand, correspond to opposite spin twistings on the two fcc sublattices, resulting in healing of frustrated NN AF bonds and consequent lowering of energy. Only one Goldstone mode survives, and the other mode acquires a small energy gap at q=0 as seen in Fig. 3 
(e).
This small energy gap reflects the effective magnetic coupling between the two fcc sublattices.
Strong softening of the low-energy branches as t z approaches 1 (cubic case) highlights the fcc lattice frustration. The marginal stability of type-III order, as seen from the nearly vanishing energies at q x =q y =π/2 in Fig. 3(e) , even in the strong coupling limit, possibly accounts for the rarity of this magnetic order in nature, and highlights the importance of magnetoelastic effect and weak magnetic anisotropy in the stabilization of type-III order in
With decreasing U, the low-energy branches undergo softening, eventually turning to negative-energy modes signalling instability of type-III order. Fig. 4(a) shows the planar dispersion at the U value where the characteristic energy ω U between 2nd neighbor (same layer) and 3rd neighbor (neighboring layers) spins. Unlike the weakly frustrated square-lattice AF involving weak NNN hopping terms t ′ , the finite-Uinduced frustration effect in fcc lattice is quite significant as parallel spins are connected by NN hopping.
The effective magnetic coupling between the two fcc sublattices is of particular interest.
Within the localized spin model, NN interactions between spins on the two fcc sublattices are fully frustrated (Fig. 1) , leading to degeneracy in the relative spin orientations. This degeneracy is, however, lifted at finite U and the two fcc sublattices become effectively coupled.
Of the two Goldstone modes (q=0) for t z =0 corresponding to decoupled fcc sublattices, one mode acquires a small finite energy for finite t z , and this energy ω l=2 q=0 provides a quantitative measure of the effective magnetic coupling between neighboring layers of different fcc sublattices. Energetically favorable magnetic coupling between the two fcc sublattices also With decreasing U, enhancement of interlayer magnetic frustration results in magnetic instability when the spin wave energy turns negative. For fixed t ′ , type-III order is thus unstable below a critical interaction strength U c . Similarly, for fixed U, decreasing t ′ leads to the instability when the weak AF interlayer coupling due to t ′ is unable to compete against the frustrating interlayer spin couplings generated by t z . With increasing t ′ , the instability occurs at lower U c values where the finite-U-induced frustration is more effective, resulting in a characteristic negative slope of U c vs.
With increasing t ′ , a different kind of magnetic instability is obtained at t ′ ≈0.7 in the large U limit involving competition between planar interactions. The instability expectedly shows up in the planar spin wave mode, as seen from emergence of negative energy modes at small q [ Fig. 6(a) ]. This is the instability toward type-II order, and is related to the known instability in the planar antiferromagnet from (π, π) to (π, 0) order as t
The perpendicular mode remains stable near this t ′ value. For negative t ′ also, the planar mode shows instability for |t
Some of our results are in agreement with the n=1 phase diagram obtained in Ref. [11] (where sign of t ′ is reversed compared to our model). These include: i) negative slope of U c vs. t ′ , ii) the instability to type-II order at |t ′ |≈0.7 in the strong coupling limit, and iii) the PM metal state for negative t ′ (positive t ′ in Ref. [11] ) at lower U values due to the strong frustration-induced band broadening and overlap of the two SDW bands (Fig. 2) . However, our result is significantly different at lower t ′ values (below 0.3), where we find sharp increase in U c below which finite-U-induced frustration destabilizes type-III order, as seen in Fig. 7 .
Also, we do not find the instability towards type-I order or the (0, 0, Q) spiral structure at lower U values, as discussed below. Competition between effective interlayer couplings for different and same fcc sublattices would result in the spiral structure along z direction. However, we do not find this (0, 0, Q) spiral structure instability which would be signalled by negative energy modes at small but finite q z . Instead, with decreasing U, we find that ω l=2 q=0 decreases to zero and turns negative, resulting in negative energy modes for all q z . This implies that the coupling between different fcc sublattices is turning negative, signalling instability towards non-collinear order involving relative spin twisting between the two fcc sublattices. We have also examined spin waves in the type-I magnetic structure in the region marked "unstable" for type-III order (Fig.   7 ). We find type-I order to be also unstable (Fig. 8) , indicating that instability of type-III order as inferred from the perpendicular spin wave mode is not towards type-I order or the (0, 0, Q) spiral structure but rather towards non-collinear order.
Finally, we consider the factors qualitatively affecting the particle-hole gap for a multiband system with crystal-field (CF) splitting and Hund's-rule coupling term included. 
